Math 4
2-3 Solving Systems with Matrices

Learning Goals:

Name

Date

e [ can use determinants to find whether a matrix is invertible,
e [ can use matrices to solve systems of linear equations.

e [ can use matrices to encode and decode messages.

I. In Lesson 2-2 you learned about properties of matrices. In this lesson we will further develop the idea of

the inverse of a matrix.

A. If a matrix has an inverse, it is called invertible (or nonsingular); otherwise, it is called singular.
Remember, only a square matrix can have an inverse. But not all square matrices have inverses. If,
however, a matrix does have an inverse, that inverse is unique.

1. To determine if a matrix has an inverse, we can use something called its determinant. The
determinant of a 2 x 2 matrix is defined as follows:

Definition of the Determinant of a 2 x 2 Matrix

det(4) = |4| = ad —bc

b
IfA= [a d]’ the determinant of the matrix is given by:
c

-3 4

2. Given 4= =3 . Use the formula above to calculate |4]|. =
[ }d@( (B < | A= EEXO-(3)5y 73 5]

*%*If the determinant of matrix # 0, then the matrix has an inverse.

. : [
Based on your computations, does 4 have an inverse? es .

B. To find the inverse of a 2 x 2 matrix, we use the following formula:

a

b
If.A:[ d] then, A~ ! =

|
ad — bc

B

d
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1. Looking at this formula, explain why it makes sense that a nonsingular matrix must have a

nonzero determinant.
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2. Use the above formula to find A4°'
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3. Now use your calculator t6 verTy what you Tot
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I1. Why is the inverse of a matrix so important? You will see in this next section . .. . .

A. Solve the system of equations below using the method of your choosing.

[3r+y=33 —= Y= 3> 73K
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B. Solving a system using the Inverse-Matrix Method:

In previous courses you learned multiple methods of solving a system of equation: graphically,
substitution, and linear combinations. The Inverse-Matrix Method is yet another process.

1. The Inverse-Matrix Method Matrix uses matrix multiplication to represent a system of linear
equations. Note how the system

apx) + apk; + a;xz = b X,z X
Xy + Gy, + Gty = by LI |
LZEIRY + AyXy + a3k = b3 XS - 2

can be written as the matrix equation AX = B where A 1is the coefficient matrix of the system,
and X and B are column matrices.

g dyn €y X b]
i3y a2 €33 - Xz !?3
A x X = B

2. Solving a system using matrices boils down to setting up and solving a matrix equation. Note the
similarity to solving a linear equation to that of a matrix equation:

Solving a Linear Equation Solving a Matrix Equation
Ix=6 AX =58
€ (inverse of 3) x 3x = (inverse of 3) X 6 (inverse of A) x AX = (inverse of A) x B
X = (inverse of 3) x 6 X = (fnverse of A) x B
c=lyve X=A""xpB

3
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3. Let’s see how this works. Study the following example:

Consider the following system of linear equations.

X — 2+ x;=—4
Xy + 24\13 = 4
o+ 3, — 2y = 2
a. Write this system as a matrix equation. AX= B

In matrix form, AX = B, the system can be written as follows.

| -2 ][, —4
0o 1 2||x|=| 4
2 3 ~2||x 2
A e X = B Solution Matrix
b. Solve the matrix equation for X. X =A4"B, '/
Xy = |0 i 2| o 4 EX =|x| = 2 E
Xy 2 3 -2 2 ! % 1
) 1 I
X = A_l [ ] B : :

4. Solve the following system using the Inverse-Matrix Method.

—x+ y—z=—14
 2x— ypH+z= AU
3x + 2y + 2 19

a. Write the system as a matrix equation.
oy V] [ x ][]
2 =1 | Je|Y|=[&
3020\ Z \1

A ° X = B

b. Use your calculator to solve the matrix equation for X.

X 1
BN So, X= 1

Solution Matrix: y|=

| L =2

*%%2-3 Homework is on the next page!!



I.esson 2-3 Homework

@’lease show your work on a separate piece of paper.

1. Without using a calculator, show that B is the inverse of 4.

1 2

A:3 4l

[

2

3

N

Use your calculator for the remaining problems.

sin 0

= [—cos 0

€os 0]
sin 0

3. Use the Inverse-Matrix Method to solve the following systems (if possible).
You must write the matrix equation as well as your final solution matrix.

3, 4x — 3y = —5
—x+ 3y= 12

C |—x+ y—z=-14

Zx— y+z=
3x+2yt+z=

I

€; =X+ ==
3x + 4y =
dx — By =

Tl

b = b2

21
19

b. x+2y=0
2+ 4y =0
d ([ x+29+2%+ 4w= Il

) 3x+6y+ 52+ 12w= 30

x+3y—3z4+ 2w=-5
6x— y— z+ w=-9

¢

X, — St +2x, = —20
X~ X3 = 2

—2x, + 5x, = —16

b,

Use the Inverse-Matrix Method to solve the following problems.
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4. A serving of roast beef has 17 grams of protein and 11 milligrams of calcium. A serving of mashed
potatoes has 2 grams of protein and 25 milligrams of calcium. How many servings of each are needed
to get 40 grams of protein and 97 milligrams of calcium?
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